The e Ϫ -e ϩ bound state spectrum of three-dimensional QED is investigated in the quenched ladder approximation to the homogeneous Bethe-Salpeter equation with fermion propagators from a rainbow approximation Schwinger-Dyson solution with a variable fermion mass. A detailed analysis of the analytic structure of the fermion propagator is performed so as to test the appropriateness of the methods employed. The large fermion mass limit of the Bethe-Salpeter equation is also considered, including a derivation of the Schrödinger equation, and comparisons are made with existing nonrelativistic calculations.
I. INTRODUCTION
The similarities between quantum electrodynamics in three space-time dimensions ͑QED 3 ) and quantum chromodynamics in four space-time dimensions ͑QCD 4 ) and the simplicity of the theory make QED 3 attractive for the study of nonperturbative methods. QED 3 is an Abelian theory and provides a logarithmic confining e Ϫ -e ϩ potential ͓1͔. Our approach to positronium states in QED 3 is via a solution to the homogenous Bethe-Salpeter equation with fermion propagator input from the Schwinger-Dyson equation. The full Schwinger-Dyson and Bethe-Salpeter equations are intractable. Here we consider a solvable system of integral equations within the quenched ladder approximation. This crude truncation of the full equations does break gauge covariance but has very attractive features and has been employed extensively in QCD 4 spectrum calculations ͓2,3͔.
This study continues on from a previous study ͓4͔ which uses a four-component fermion version of QED 3 . In this version, the massless case exhibits a chiral-like U͑2͒ symmetry broken into a U͑1͒ϫU͑1͒ symmetry by the generation of a dynamical fermion mass, resulting in a doublet of Goldstone bosons. This pionlike solution is important for drawing similarities between QED 3 and QCD 4 . The four-component version of QED 3 is also preferred to the two-component version because the Dirac action in the two-component version is not parity invariant for massive fermions. QCD 4 is parity invariant and we aim to have as much in common with that theory as possible.
The previous work was restricted to zero bare fermion mass, while in this study the bare mass is increased from zero to large values in order to compare with results in the nonrelativistic limit. This study also takes a closer look at the choice of fermion propagator input. Knowledge of the analytic properties of the fermion propagator is important for determining the approximation's ability to provide confinement and whether or not any singularities will interfere with a Bethe-Salpeter solution. Based on the work of Maris ͓5,6͔ the occurrence of masslike complex singularities is expected which have the potential to influence our calculations.
In Sec. II we look at the Bethe-Salpeter and SchwingerDyson approximations used in this work and the method used to find the bound state masses. A brief review of transformation properties in QED 3 is given in the Appendix. These transformation properties are of vital importance for an understanding of the structure of the e Ϫ -e ϩ vertex function and the classification of the bound states. Section III describes the nonrelativistic limit and the connection between the Bethe-Salpeter and Schrödinger equations for QED 3 .
In Sec. IV the approximation to the fermion propagator is detailed. The structure of the propagators will be analyzed in the complex plane where we attempt to locate the expected masslike singularities. In Sec. V the Bethe-Salpeter solutions are reported and comparisons are made with nonrelativistic limit calculations. The results are discussed and conclusions given in Sec. VI.
II. SOLVING THE BETHE-SALPETER EQUATION
The Bethe-Salpeter ͑BS͒ kernel for this work is a simple one-photon exchange ͑ladder approximation͒ which is a commonly used starting point. For convenience we use the quenched approximation, work in Feynman gauge and work only with the Euclidean metric. Figure 1 
͑2.2͒
This approximation is the quenched, rainbow approximation named so because the photon propagator has been replaced by the bare photon propagator and the vertex function ⌫ has been replaced by the bare vertex ␥, resulting in a series of Feynman diagrams which resemble rainbows. In the quenched approximation the SD and BS equations can be recast in terms of a dimensionless momentum p/e 2 and bare fermion mass m/e 2 . From here on we work in dimensionless units and set e 2 ϭ1. We use either of the two following equivalent representations of the fermion propagator:
The generation of a dynamical fermion mass and the breaking of chiral symmetry is signalled ͑in the massless limit͒ by nonzero B(p 2 ). The vector and scalar parts V and S of the propagator are related to the functions A and B simply by dividing these functions (A,B) by a quantity p 2 A 2 (p 2 ) ϩB 2 (p 2 ). Note that a substitution of this fermion propagator into the Ward-Takahashi identity shows that the bare vertex approximation breaks gauge covariance. However, this model is simple and does meet the requirement that the appropriate Goldstone bosons are formed ͓7͔. It is not difficult to derive a zero mass solution to our BS equation ͑BSE͒ analytically. A vertex proportional to the matrix ␥ 4 or ␥ 5 , defined in the Appendix, will reduce the quenched ladder BSE to the quenched ladder ͑rainbow͒ SD equation ͑SDE͒ in the case of zero bound state mass thus forming a doublet of massless states. According to the terminology used in the Appendix this is an axiscalar doublet. These solutions will be seen in Sec. V.
Once the photon and fermion propagators are supplied, the BS equation can be written as a set of numerically tractable integral equations. To do this, we write the BS amplitude ⌫ in its most general form consistent with the parity and charge conjugation of the required bound state, and then project out the coefficient functions for the individual Dirac components. It is convenient to work in the rest frame of the bound state by setting P ϭ(0,0,iM ). Then the scalar and axiscalar vertices given in the Appendix by Eqs. ͑A7͒ and ͑A9͒ can be written as
where the index j takes on values 1 and 2 only, ͉q͉ϭ(q 1 2 ϩq 2 2 ) 1/2 and q Ќ ϭ(Ϫq 2 ,q 1 ). The pseudoscalar and axipseudoscalar vertices are obtained from the scalar and axiscalar vertices by multiplication by the matrix ␥ 45 .
It is found that the same coupled integral equations result when a vertex is multiplied by the matrix ␥ 45 and so ͑scalar, pseudoscalar͒ and ͑axiscalar, axipseudoscalar͒ form two pairs of degenerate states.
The four equations derived from the BSE, after some manipulation including an angular integration, are ͓4͔
͑2.7͒
where ␣ϭ͑ p 3 Ϫq 3 ͒ 2 ϩ͉p͉ 2 ϩ͉q͉ 2 , ␤ϭϪ2͉p͉͉q͉.
Now define the momentum Q by
and use the abbreviations V ϭ V (Q 2 ) and S ϭ S (Q 2 ) for use in the definition of the functions T f f ,T f U , . . . which are analytic functions of q 3 ,͉q͉, and M . The diagonal T's are given by
͑2.11͒
This is the same set of equations solved in Ref. 
for a given test mass M . This is repeated for different test bound state masses until an eigenvalue ⌳(M )ϭ1 is obtained.
III. NONRELATIVISTIC LIMIT
We consider now the nonrelativistic limit m→ϱ of our BS formalism in order to enable comparisons with existing numerical calculations ͓8,9͔ of the Schrödinger equation for QED 3 , and with the large m solution of Eq. ͑2.7͒
The Schrödinger equation with a confining logarithmic potential is an interesting problem in its own right. Initially one is faced with the problem of setting the scale of the potential, or equivalently, setting the zero of energy of the confined bound states. A solution to this problem was proposed by Sen ͓10͔ and Cornwall ͓11͔ in terms of cancellation of infrared divergences in perturbation theory. They introduce a regulating photon mass in order to set the potential as the two-dimensional Fourier transform of the photon propagator 1/(k 2 ϩ 2 ), leading to a potential proportional to ln(r). They further interpret the sum of the bare fermion mass and the fermion self-energy evaluated at the bare fermion mass shell as a renormalized fermion mass, leading to a mass renormalisation ␦mϰln(m/). The logarithmic divergences in the photon potential and the fermion self-energy then conspire to cancel leaving a finite positronium mass.
The first numerical treatment of the Schrödinger equation for QED 3 using this line of argument was carried out by Yung and Hamer ͓8͔. In a subsequent, improved calculation by Tam, Hamer, and Yung ͓9͔, the formalism was shown to be consistent with an analysis of QED 3 from the point of view of discrete light cone quantization. Their resulting expression for the bound state energy, obtained as a solution to the differential equation
where C is Euler's constant, is given in terms of the bare fermion mass m as
The lightest s-wave positronium state and first exited state are given by 0 ϭ1.7969 and 1 ϭ2.9316, respectively. The first five states are provided in ͓9͔.
Here we present a treatment of the nonrelativistic limit of the QED 3 positronium spectrum in terms of our SD-BS equation formalism. We begin with the fermion propagator in the limit m→ϱ. For large fermion mass we expect the residual effect of the chiral symmetry-breaking contribution to the fermion self-energy to be small compared with contribution from the perturbative loop expansion. We shall therefore assume to begin with that the self-energy is reasonably well approximated by the one-loop result. The validity of this approximation for spacelike momenta will be demonstrated numerically in the next section.
The one-loop fermion self energy, with the functions A and B defined in Eq. ͑2.4͒, is given by
where
and Bϭm ͩ 1ϩ
͑3.5͒
This result is valid for ͑Euclidean͒ spacelike momenta p 2 Ͼ0. An analytic continuation of the ⌺ functions valid for ͉p 2 ͉Ͻm 2 , or ͉x͉Ͻ1, is
͑3.8͒
Note that this representation exposes a logarithmic infinity in the self-energy at the bare fermion mass pole p 2 ϭϪm 2 . This is the infrared divergence in the renormalized fermion self-energy as defined by Sen ͓10͔ referred to above. However, in our formalism, this singularity does not lead to a pole in the propagator functions V and S defined in Eq. ͑2.3͒, which would signal the propagation of a free fermion ͓12͔, but a logarithmic zero.
Using Eqs. ͑3.3͒ and ͑3.5͒ we obtain
where we have defined
͑3.11͒
The functions V and S are plotted in Figs. 2͑a͒ and 2͑b͒ for mϭ 1, 2, 4, 8, and ϱ, the final curve being the bare propagator. From these plots we see that for large m, the deviation from the bare propagator due to the one-loop self-energy is dominated by the logarithmic contribution near the bare fermion mass shell, ⑀ϭ0. With this in mind, we shall use the approximation
2. ͑a͒ and ͑b͒ show one-loop approximations using Eqs. ͑2.3͒, ͑2.4͒, and ͑3.3͒-͑3.6͒ for m 2 V and m S , respectively ͑solid lines͒. These are compared with the vector and scalar parts of the approximation Eq. ͑3.14͒ ͑dashed lines͒. The curves are drawn for fermion masses ͑from bottom to top͒ 1, 2, 4, 8, and ϱ.
Taking ⑀ to be of order 1/m for the purposes of the BS equation ͓see Eq. ͑3.16͒ below͔ these approximations give
͑3.14͒
The vector and scalar parts of this approximate propagator ͓without the O(lnm/m) corrections͔ are also plotted in Figs. 2͑a͒ and 2͑b͒ for comparison. Turning now to the BS equation, we set the bound state momentum in Eq. ͑2.1͒ equal to P ϭ(2mϩ␦)iv , where v ϭ(0,0,1) and Ϫ␦ is a ''binding energy.'' This gives ͑according to the momentum distribution in Fig. 1͒ ⌫͑
in Eq. ͑3.14͒ gives
͑3.17͒
Similarly
͑3.18͒
The ͉q͉ 2 /2m term has been retained here to ensure convergence of the ͉q͉ integral in the BS equation below. Since the vertex ⌫ is defined with the fermion legs truncated, and Sϰ(1/2)(1Ϯ␥ 3 ), the only relevant part of ⌫ is the projection (1/2) ϫ(1Ϫ␥ 3 )⌫(1/2)(1ϩ␥ 3 ). With this in mind, the general forms in Eqs. ͑2.5͒ and ͑2.6͒ become
͑3.19͒
Substituting Eqs. ͑3.17͒, ͑3.18͒, and ͑3.19͒ into Eq. ͑3.15͒ one obtains, for the scalar states the single integral equation
and, for the axiscalar states the single equation,
Note that, without the ͉q͉ 2 /2m term in the denominator, translation invariance of the integrand implies that g is independent of ͉q͉. In reality, g is a slowly varying function of ͉q͉, and this extra O(1/m 2 ) term must be retained in ⑀ to account for the fact that the relevant region of integration in Eqs. ͑3.20͒ and ͑3.21͒ extends out to O(ͱm) in the ͉q͉ direction, but only O(1) in the q 3 direction. Numerical solutions of Eqs. ͑3.20͒ and ͑3.21͒ will be given in Sec. V. The function g is an even or odd function of q 3 corresponding to positronium states which are even or odd, respectively, under charge conjugation.
In order to obtain a Schrödinger equation, we now rewrite the axiscalar equation in the form
͑3.23͒
Assuming the integrand dies off sufficiently rapidly as q 3 →Ϫiϱ, we deform the contour of integration around the pole at 
͑3.27͒
In order to isolate the logarthmic infrared divergence we set
with small and real, and p 3 pole defined by analogy with Eq. ͑3.24͒. The right-hand side ͑RHS͒ of Eq. ͑3.27͒ then becomes
where (q)ϭ⌽(q 3 pole ,͉q͉), FT denotes the Fourier transform, and C is Euler's constant.
Following the reasoning of ͓10,11͔, this logarithmic divergence should be cancelled by the fermion self-energy contribution 2Re⌺ Ϫ (p 3 ,͉p͉). However, from Eq. ͑3.23͒, we see that the logarithmic divergence in the self-energy occurs at the bare fermion mass pole p 3 bare ϭϪi(Ϫ␦/2ϩ͉p͉ 2 /2m), and not the dressed pole p 3 pole . The problem lies in the use of the one-loop approximation. If instead the fermion selfenergy is calculated to all orders in rainbow approximation, the self-energy feeds back into the loop integral via the propagator to replace Eq. ͑3.23͒ by
which provides a rainbow SD equation for ⌺ Ϫ in the nonrelativistic limit. Then using Eqs. ͑3.27͒, ͑3.24͒, ͑3.28͒, ͑3.29͒, and ͑3.30͒ and Fourier transforming we finally obtain
agreeing with Eq. ͑3.1͒. Had we started from the scalar equation ͑3.20͒ in place of the axiscalar equation, the same result would have been obtained at Eq. ͑3.29͒, leading to an identical Schrödinger equation.
The important point to notice in this derivation is the significance of a non-perturbative solution to the SD equation in canceling the infrared divergences. In the massless fermion limit, it is well known that chiral symmetry breaking plays a pivotal role in determining the bound state spectrum. It appears also that, even in the nonrelativistic limit, the remnant effects of chiral symmetry breaking, via a non-perturbative solution to the SD equation, have a role to play.
IV. THE FERMION PROPAGATOR
The BSE described in Sec. II requires a fermion propagator input in the form of Eq. ͑2.3͒ or Eq. ͑2.4͒ and this needs to be available over a region in the complex p 2 plane defined by Eq. ͑2.8͒ for q 3 and ͉q͉ real. This is the region ͓13,3͔
In this section we investigate ways of obtaining a solution to the SDE over ⍀. The fermion propagator, and thus the functions V and S , must be well behaved over this region. The solution to the SDE ͑2.2͒ is quite simple along the positive real ͑spacelike͒ p 2 axis. Substitution of the general expression for the fermion propagator ͑2.4͒ into the SDE gives an integral equation involving A and B functions which can be split into two coupled integral equations by simple projections. Angular integrations can be performed to leave one-dimensional integrals ͑over the modulus of the q vector͒:
͑4.2͒
The integrations range from 0 to some UV cutoff along the positive real axis. This theory is superrenormalizable and thus has no ultraviolet divergences and so this cutoff is merely a numerical limit made large enough so that it has no bearing on the results. For a set of points p corresponding to the set of q points in the integration, the equations are iterated until convergence to leave the solution along the positive real axis. However, the solution is required for complex p 2 . We see three possibilities. The first is to use the converged functions A(q 2 ) and B(q 2 ) in the integrals over the same contour ͑positive real q 2 ) and supply the complex point p desired. The integrals should provide the solution at that point p. However the analytic structure of the integrands in Eq. ͑4.2͒ will not allow an analytic continuation by this method, because a pinch singularity in the integrand forces us to integrate through the point p ͓6͔.
The second possibility is to rotate the contour through an angle 2 in the p 2 plane so that it passes through the desired point p ͓13͔. In this way a cancellation of the complex parts within the logarithms occurs. Figure 3 shows the first and second contours (C 1 and C 2 , respectively͒. It can be seen from Eq. ͑4.2͒ that the logarithms will have real arguments along the radial portion of C 2 , while the arc portion contributes nothing to the integral because the integrand falls off sufficiently quickly in the ultraviolet ͓6͔.
Based on the Landau gauge calculations of Maris ͓5,6͔ we expect conjugate singularities to occur in the second and third quadrants of the p 2 plane away from the negative real ͑timelike͒ axis. Thus, as 2 increases towards from zero ͑and the negative real p 2 axis is approached͒ a singularity interferes and we may have convergence problems. It will be seen that these singularities can lie a fair way from ϭ/2 and convergence problems can occur for not much more than /4 ͑i.e., barely reaching into the second quadrant of p 2 ). For the case mϭ0 to be considered shortly, no solution could be found for greater than 0.90 rad ͑with a reasonable convergence criterion ⌬B/BϽ0.001). For this solution to be applied to the BSE we need to know the value of the fermion propagator for from 0 to /2 and so this method is not practical. However, although a slowing of convergence as increases prevents a solution being attained in all of ⍀, it does provide an accurate solution in a large portion of ⍀. We therefore have a test for any A and B functions we wish to use in the BSE.
The third possibility, and the one employed here and in ͓4͔, is to find a good analytic fit along the positive real p axis and extend the solution into the complex plane by analytic continuation. These fits may be for A and B or for the functions V and S . The work of Maris ͓6͔ suggests that it is not necessary for V and S to be entire functions for the fermions to be confined, only that there be no poles on the timelike p 2 axis. Fits to functions A and B used in previous work ͓4͔ based on the known asymptotic infrared and ultraviolet behavior of these functions were tested by comparing them with the direct solution for various angles . The fits, adjusted to allow variable fermion mass m, are given by
The parameters a n ,b n are functions of fermion mass. The numerical solution to which these functions were fitted is an iterative solution to the SDE using a nonuniform 51-point grid along the positive real axis up to a momentum cutoff pϭ1000 using a 0.1% tolerance in the integration routine. Plots of the numerical solutions and function fits for various m values are given in Fig. 4 .
Note that it is the functions that are important in Eq. ͑2.1͒ and not A and B, and thus the effect of the fit on the denominator p 2 A 2 ϩB 2 relating these must be considered. Conjugate poles exist where the factor p 2 A 2 ϩB 2 appearing in the denominator of the BSE integrand is zero. Table I lists the conjugate poles arising from the fits for each fermion mass and the corresponding maximum bound state masses allowed. The maximum M allowed is the value for which the boundary of ⍀ in Eq. ͑4.1͒ coincides with the conjugate poles. No comment about the viability of our model BSE can be made until solutions are attempted because the integration region depends on the solution mass M .
The location of the conjugate singularities for the mϭ0 case in Table I is slightly different to that reported in Ref. ͓4͔ where it is Ϫ0.004 00Ϯi0.006 66. This is because of the flexibility of the fitting functions. The fit in this work and that in Ref. ͓4͔ for the zero-fermion mass case had similar accuracy along the positive real p 2 axis but had the freedom to take on slightly different forms throughout the complex plane. This is because along the positive real p 2 axis the nonasymptotic form fixing parameters (a 4 and b 4 ) are only loosely determined. Despite the difference in the two results, the BSE calculation for bound state masses should show close agreement as each fit adequately models the direct solution throughout the complex plane.
The singularities in the fits for fermion masses greater than or equal to 0.1 lie on the negative real p 2 axis. This suggests that free propagation occurs at these masses and the model is not confining. An accurate location of the singularities in the SDE solution would be needed before it can be said whether this result is due to the fits or the rainbow approximation used in the SDE solution. According to Ref.
͓6͔ the rainbow approximation SDE solution is expected to be confining even for large fermion mass. Thus we assume our result is due to the lack of accuracy in our fits near the negative real p 2 axis and that it is likely that the singularities FIG. 4 . ͑a͒ compares the SDE solutions and fitting functions for AϪ1 for fermion masses ͑from top to bottom͒ mϭ0, 0.025, 0.1, 1, and 5. ͑b͒ shows BϪm for fermion masses ͑from bottom to top͒ mϭ0, 0.025, 0.1, 1, and 5. move close to that axis as m increases but never actually lie on that axis. Figures 5͑a͒ and 5͑b͒ show plots of V and S moduli, respectively, for zero-fermion mass and angles ϭ0, ϭ/8, and ϭ/4 against the p modulus ͑with a range far smaller than the UV cutoff used in our calculations͒. The direct solutions to the SDE and the fits are compared. It can be seen that the functions are very good fits along the positive real axis (ϭ0), where both V and S are real. The fit is also good for ϭ/8. Real and imaginary components have not been given separately as they show similar agreement. In the case ϭ/4 the fitting function has begun to deviate from the SDE solution. This is mostly due to the apparent difference in the location of a spike. Based on the largest bound state mass for mϭ0 reported in the next section, the BSE integration region ⍀ extends along the direction ϭ/4 out to a modulus of approximately 0.083. In this range the small angle solutions are very accurate but for larger , much of the error due to the difference in the location of the spike will be experienced. As the angle is increased further convergence problems occur until eventually no solution can be found at all (Ͼ0.90).
The spike forming in these plots signals that, as is increased, the contour of integration approaches a singularity. In fact, the conjugate poles which lie just off ͑or on as is the case for larger m) the negative real p 2 axis (ϭ/2) are approached. It is important that both the direct solution to the SDE and the fits used in this work have this feature. This spike was not seen in any other fits which we attempted. Based on Fig. 5 it seems clear that the direct solution to the SDE must have singularities close to those in the fitting functions. Because the spikes are not in exactly the same places some error will be introduced in the contributions from the large part of ⍀. When the bound state mass becomes large, the large contributions will become more important and thus we expect the error in the position of the spikes to result in some noise in the solutions to the BS equation for large fermion mass.
The functions were studied for all fermion masses used in this work in the same fashion. The results were similar to the mϭ0 case and need not be shown here. In each case, when was increased far enough, a spike was observed in both the fit and solution, after which lack of convergence prevented an SDE solution.
However, for very large fermion masses, the accuracy of the fits decreases as m increases, and with good reason. As m tends to infinity, the functions A and B approach constants (1 and m, respectively͒. For moderately large fermion masses experienced in this work, these functions become almost constant along the positive real p 2 axis while having a singularity near the negative real p 2 axis. It is too much to ask for simple four parameter fits along the positive real p 2 axis to reproduce accurately complex behavior deep into the real timelike p 2 axis. The one-loop propagators, Fig. 2 described in Sec. III illustrate this well. There one can see how smooth and level the functions are along the positive real p 2 axis and also how steep the functions become back along the negative real p 2 axis. Before moving on to the next section, we return briefly to the one-loop approximation to the fermion propagator necessary for the non-relativistic approximations described in Sec. III. Figure 6͑a͒ compares our rainbow approximation solution A to the one-loop result given in Eqs. ͑3.3͒ and ͑3.4͒. Figure 6͑b͒ compares B from our rainbow approximation solution and the result in Eqs. ͑3.5͒ and ͑3.6͒. Both of these comparisons were made at a large fermion mass (mϭ5). It can be seen that the curves in each case are in reasonable agreement, at least for spacelike momenta.
V. NUMERICAL SOLUTION OF THE BETHE-SALPETER EQUATION
The fits given by Eq. ͑4.3͒ to the fermion propagator for a range of fermion masses were used in the solution of the Bethe-Salpeter coupled integral equations Eq. ͑2.7͒. This problem was restated in Eq. ͑2.13͒ as an eigenvalue problem.
A grid of 25ϫ25 (͉q͉,q 3 ) tiles were used for the iterative procedure with linear interpolation on each of those tiles used for the sums (T i j f j ) which are supplied at the corners of the tiles from the previous iteration. The tiles were nonuniform in size and an upper limit to the momentum components (͉q͉ and q 3 ) of between 3.0 and 9.0 was used. The equations were iterated to convergence each time to determine eigenvalues for a given test bound state mass M . The bound state masses were located by repetitive linear interpolation or extrapolation to search for the point where the ei- genvalue ⌳ of Eq. ͑2.13͒ is 1. This was repeated for each of the fermion masses ranging from 0 to 5.0. This procedure was used for each of the four nondegenerate bound state symmetries described in the Appendix. Table II shows the bound state masses for each of the four symmetries ͑scalar C ϭϩ1, scalar C ϭϪ1, axiscalar C ϭϩ1, and axiscalar C ϭϪ1) for all fermion masses considered. Figure 7͑a͒ displays the solutions M for fermion mass 0-0.1. Figure 7͑b͒ shows M Ϫ2m over the greater range of 0-5. The axiscalar C ϭϩ1 solution is a degenerate axiscalar-axipseudoscalar pair of Goldstone bosons for the case mϭ0, as seen in previous work ͓4͔. Minor differences between Ref. ͓4͔ and the current work at mϭ0 are due to small differences in the propagator fits, as explained in Sec. IV.
For small m the bound state masses rise rapidly with with increasing fermion mass. The mass of the ''Goldstone'' axiscalar C ϭϩ1 state scales roughly with the square root of the fermion mass, in agreement with the Gell-Mann-Okubo mass formula ͓14͔. In fact, for fermion masses 0 to 0.1 a linear regression against ͱm has correlation coefficient 0.9964 with the mass growing as approximately 1.27ϫͱm. ͓The accuracy of the solution at mϭ0.001, which comes out with an anomalously low bound state mass, is severely affected by numerical inaccuracy arising from the sensitivity the bound state mass to the eigenvalue ⌳ in Eq. ͑2.13͒.͔ For large fermion masses, the bound state mass rises predominantly as twice the fermion mass plus possible logarithmic corrections. However, there appears to be a good deal of noise in the large m solutions, reflecting the difficulty in accurately modeling the fermion propagator deep into the timelike region from spacelike fits. No solutions corresponding to states of negative charge parity were found for mϾ1.0.
Numerical solutions to the integral equations ͑3.20͒, ͑3.21͒ arising from our non-relativistic treatment are listed in Table III and plotted in Fig. 7͑b͒ . Solutions with positive ␦ were found for fermion masses mу1.0 in the positive charge parity sector. We were unable to locate any solutions to Eqs. ͑3.20͒ and ͑3.21͒ corresponding to negative charge parity states over a broad range of ␦. Also given in Table III and FIG. 7. ͑a͒ shows bound state masses (M ) against fermion mass 0-0.1. ͑b͒ is a plot of M Ϫ2m for mϭ0-5. In each plot the scalar C ϭϩ1 (छ), scalar C ϭϪ1 (ϩ), axiscalar C ϭϩ1 (ᮀ), and axiscalar C ϭϪ1 (ϫ) states are drawn with solid curves. The nonrelativistic predictions of Eq. ͑3.20͒ and Eq. ͑3.21͒ are the scalar C ϭϩ1 (छ) and axiscalar C ϭϩ1 (ᮀ) states, respectively, and are drawn with dashed lines. Equation ͑3.2͒ with ϭ 0 ͑lower solid curve with no symbols͒ and with 1 ͑upper solid curve with no symbols͒ are also plotted in ͑b͒.
one-loop approximations Eqs. ͑3.20͒ and ͑3.21͒, and the Schrödinger equation result Eq. ͑3.2͒ is to be expected. As pointed out in Sec. III, a complete cancellation of infrared divergences can only occur if the fermion self-energy is calculated nonperturbatively to all orders. From Table III , we see that at very high fermion masses, the accuracy of the one-loop approximation is significantly affected as the conjugate poles in the propagator, measured in momenta scaled by the fermion mass, move closer to the bare fermion mass pole ͑see Fig. 2͒ . At more moderate fermion masses, mϷ5, the one-loop approximation is more respectable.
We see no clear agreement between the numerical results of Eq. ͑2.7͒, and either nonrelativistic approximation Eqs. ͑3.20͒, ͑3.21͒, or the Schrödinger equation result Eq. ͑3.2͒. Our analysis of the nonrelativistic limit of the BS equation exposes the importance of the analytic structure of the fermion propagator in the vicinity of the bare fermion mass pole p 2 ϭϪm 2 . The uneven nature of the lower two curves in Fig. 7͑b͒ indicates that the determination of the timelike fermion propagator by an analytic fit to the spacelike propagator is inadequate for fermion masses mу1. It is clear that a more careful analysis of the timelike nature of the fermion propagator, possibly involving a fully nonperturbative treatment of the SD equation to include remnant chiral symmetry breaking, is necessary for determining the bound state spectrum for even moderately large fermion masses.
It is important to note that the poles in the fermion propagator fits listed in Table I lie outside the BS integration region ⍀ for all solutions obtained. This can be verified by observing that all masses in Table II are lower than the values M max listed in Table I . A similar situation arises for the non-relativistic limit calculations. Listed in Table III are maximum allowed ␦ values if the integration region sampled by Eqs. ͑3.20͒ and ͑3.21͒ is not to impinge on the conjugate propagator poles q 3 pole and (q 3 pole )* defined in Eq. ͑3.24͒. In all cases the numerical results lie within the permitted region. This requirement is equivalent to demanding that q 3 pole should not cross the real q 3 axis as as ͉q͉ ranges from 0 to ϱ. Interestingly, such a crossing would entail a more careful evaluation of residues than that carried out in Sec. III leading to the Schrödinger equation.
We note that the Schrödinger equation results of Ref. ͓9͔ include the first five s-wave states. It would certainly be of interest to locate the excited states within the framework of our BS treatment of QED 3 . We have searched for solutions to the eigenvalue equation ͑2.13͒ corresponding to excited states, and find in general no solutions within the mass ranges allowed by the values M max in Table I . Since there is no reason to assume that the s-wave spectrum should be bounded above, it seems likely that there will be solutions to the BS equation for which the region of integration ⍀ does include the conjugate propagator poles discussed in Sec. IV. It follows that the functions f , U, V, and W in the BS amplitudes of these states should have compensating zeros, in order that the right-hand side of the BS equation be integrable. We conjecture that, if the fermion propagator has an infinite set of poles, there will be a sequence of excited states, the nth excited state having n pairs of zeros in its BS amplitude. This conjecture is consistent with the the first excited state of the Schrödinger equation, also listed in Table  III , for which the wave function has a single zero.
Although we are unable to determine accurately the spectrum in the large fermion mass limit, our calculations strongly suggest that there are no scalar or axiscalar states with negative charge parity in this limit. This is consistent with the nonrelativistic quark model in four dimensions in which negative charge parity scalar and pseudoscalar states are forbidden by the generalized Pauli exclusion principle ͓14͔. We note, however, that there is nothing to exclude such states in a fully relativistic BS treatment ͓15͔, and indeed, negative charge parity scalar and axiscalar states are found within the current model for light fermions. 
VI. CONCLUSIONS
In this paper we have solved the combination of rainbow Schwinger-Dyson and homogeneous Bethe-Salpeter equations in the quenched ladder approximation for threedimensional QED with massive fermions. QED 3 was chosen because, like QCD, it is confining but without the complications of being non-Abelian. A four-component version of this theory is used because, also like QCD, it provides a parity invariant action with a spontaneously broken chirallike symmetry in the massless limit. The approximation is amenable to numerical solution, and should help assess the limitations of a technique frequently employed in models of QCD ͓2͔.
The work in this paper carries on from a previous study of the same subject ͓4͔, but with the following extensions. First, nonzero fermion mass is considered. Second, an analysis of the fermion propagator in the complex plane is carried out in order to assess the appropriateness of the approximations involved. Thirdly, an analysis of the nonrelativistic limit, i.e., large bare fermion mass, is made in an attempt to compare with existing Schrödinger equation studies of QED 3 .
The rainbow SD equation was solved in Euclidean space to give a fermion propagator for spacelike momenta, Euclidean p 2 Ͼ0. The propagator is chirally asymmetric, and in the massless fermion limit, gives rise to a doublet of massless Goldstone positronium states analogous to the pion. Solution of the BS equation for massive positronium states requires knowledge of the fermion propagator S(p) in the complex p 2 plane extending away from the spacelike axis, and a finite distance into the timelike axis p 2 Ͻ0. By rotating the contour of integration we were able to extend the spacelike solution into part of the complex plane. However, the occurrence of complex conjugate poles in the fermion propagator prevented a numerical solution to the SD equation throughout the complete region of the complex plane sampled by the BS equation. This forced us to apply analytic fits to the propagator along the positive real p 2 axis for use over the required part of the complex plane.
Our propagator fits were found to have conjugate poles located close to those of the direct solution for small to moderate fermion masses. This, combined with the accuracy of the fits throughout much the complex p 2 plane, made our choice of propagator very attractive. The singularities in the fits were found to move onto the negative real p 2 axis as the fermion mass increased. This was not interpreted as a loss of confinement but instead attributed to a lack of accuracy in the fits deep into the timelike region as the fermion mass became large. This reduction in accuracy of the fits for large m was due to the nature of the functions along the positive real p 2 axis where the fits were made, and the presence of a singularity near the negative real p 2 axis in the vicinity of the bare fermion mass pole p 2 ϭϪm 2 , but off the timelike axis. BS solutions were found for four pairs of parity degenerate states. These pairs were the scalar-pseudoscalar C ϭϩ1 and C ϭϪ1 and the axiscalar-axipseudoscalar C ϭϩ1 and C ϭϪ1 states. For small to moderate fermion mass the bound state mass was found to increase smoothly with m. The axiscalar C ϭϩ1 doublet, analogous to the pion, was the lowest in energy, with a mass rising roughly with the square root of the bare fermion mass. For moderately large bare fermion masses (m/e 2 greater than unity͒ the positronium masses rise as twice the bare fermion mass, plus a possible logarithmic correction. However, an unacceptable level of noise was found to develop in our results for these larger masses, which we attribute to inaccuracies in the analytically continued fermion propagators in the important region near the bare fermion mass pole. No negative charge parity (C ϭϪ1) solutions were found for bare fermion masses above m/e 2 Ϸ1.0, consistent with the generalized Pauli exclusion principle of nonrelativistic QCD 4 .
The conjugate poles in the fermion propagators were found to keep clear of the integration regions required for the BS solutions for the lowest state in each of the four spaceparity-charge-parity sectors considered. However, it appeared that this would not be so for any excited states. We therefore conjecture that the excited positronium states have zeros in their BS amplitudes positioned so as to cancel the poles in the propagators encountered within the integral in the BS equation ͑2.1͒. This requirement of compensating zeros was too demanding on our current numerical code, and as a result, no excited states were found.
In vector calculations under way at present, where the bound state masses are expected to be larger, the conjugate poles in the fermion propagator seen in this work may interfere. Since the fits used in this work appear to have their singularities close to those in the actual Schwinger-Dyson solution, we may find that the rainbow approximation and the resulting propagator fits will be inadequate for a study of vector states in QED 3 . This is a very challenging problem and we hope to report on our results in the near future.
A nonrelativistic analysis of the BS equation was also carried out assuming, in the first instance, a one-loop approximation to the fermion propagator. However it was shown that, in order to cancel infrared divergences completely between the photon propagator and fermion self energy, as proposed by Sen ͓10͔ and Cornwall ͓11͔, it is necessary to evaluate the fermion self-energy nonperturbatively. Only if this is done can the Schrödinger equation be rigorously obtained in the large fermion mass limit. In spite of this, numerical solutions of the one-loop equations give reasonable agreement with the Schrödinger equation for moderately large fermion masses m/e 2 Ϸ5. In summary, we were able to carry out an acceptable analysis of the bound state spectrum of QED 3 near the chiral limit m→0 by using analytic fits to the spacelike fermion propagators in the BS Bethe-Salpeter equation, and in the nonrelativistic limit m→ϱ by expanding to lowest order in inverse powers of the fermion mass to obtain a Schrödinger equation. However, there remains an intermediate mass range m/e 2 Ϸ1 for which neither of these techniques is adequate. It is clear that a more careful non-perturbative analysis of the fermion propagator in the vicinity of the bare fermion mass pole is necessary before an accurate determination of the QED 3 positronium spectrum at intermediate fermion masses can be made. If a direct analogy with QCD models based on the Bethe-Salpeter equations is made, we conclude that particular care must be taken in modeling quark propagators for quarks whose mass is close to the mass scale of the theory, namely charm quarks.
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APPENDIX: TRANSFORMATION PROPERTIES IN QED 3
The four-component QED 3 action in Minkowski space The three ␥ , and ␥ 4 and ␥ 5 are five mutually anticommuting matrices. This is unlike the four-dimensional case where no analogue of ␥ 4 exists.
The action Eq. ͑A1͒ in the massless case mϭ0 exhibits global U͑2͒ symmetry with generators ͕I,␥ 4 ,␥ 5 ,␥ 45 ͖ which is broken by the generation of a dynamical fermion mass ͓17,16͔ to a U͑1͒ϫU͑1͒ symmetry ͕I,␥ 45 ͖. The action is also invariant with respect to discrete parity and charge conjugation symmetries, which for the fermion fields are given by
where xЈϭ(x 0 ,Ϫx 1 ,x 2 ). The matrices ⌸ and C are each determined only up to an arbitrary phase by the condition that the action Eq. ͑A1͒ be invariant ͓4͔: where f , g, h, and k are functions only of q 2 , P 2 , and q• P. BS amplitudes corresponding to the components ⌽ 4 and ⌽ 5 of axiscalars and axipseudoscalars take the general form 
